0.1 Quillen’s theorem

Quillen O small catgeory 0 0000000000 O small category 00O functor 00O O OO0
00000000 DOO homotopy equivalence 00D DOO0DOODODOODODOODODODODO Osmall category
000O00d CW complex 0 00 0O Ohomotopy equivalence [0 weak homotopy equivalence 0 [
0 O OO Oweak homotopy equivalence 1 0 0 0 00000 O homotopy fiber O weakly contractible
O000O00ooodO0fibration0 0000000 fiber 0000000000 ODOOOOOOO
category 0 O fiberd homotopy fiber 0000000000

Definition 0.1.1

f: X —Y :functorO0yeY OOO f0O yODO fiberD f~1(y) 0 X O sub category 0 00
goooo

ob(f 7 (y) = fa € X | f(x) =y} . Homs s((e,a") = {io € Homx(w,2') | f(p) = 1,}
000 f0 yOO right fiberD f/y 000
ob(f/y) = {(u,z) € Mor(Y)x X | t(u) =z, s(u) = f(a)} , Homy,((u,), (v,2')) = {io € Homy (w,a’) | vof(p) = u}
0000000 X0O morphismO0000000000000O0 leftfiberDy/f0000000
Definition 0.1.2
f: X — Y : functor 00O O O fiber O right fiber 0 00 OO O functor
Fof~'y) — fly

F(z)=(1,,2),F(¢) = 000000000 functor O adjoint 000000 f O prefibered O O
goood

Theorem 0.1.3 (Quillen’s theorem A)

f: X —Y: functor 0000 y € YOOOUO f/y or y/f O contractible 10 00O O
Bf : BX — BY O homotopy equivalence 0 0 OO

000000 Quiilend Theorem ADODOOOOOOOODOOODOODOODOOO
Lemma 0.1.4

C O small category 000000000 object x € COOOOOO over category C/x 000
2/C O contractible 0 0 0 O

proof) 0 C/z 0O lx : x — wxinob(C/x) O terminal object 0 O z/C O O inicial object O O O

gooobogooog
O

Theorem A 0O 0O 0O 0O bisimplicial space 0 O O O O O O bisimplicial space 0 O functor A°P x
A — Top JODOODOOO0OO0O Lemma O bisimplicial space O realization 000000000
ooooooo



Lemma 0.1.5

Ty« O bisimplicial space 0 0 0 0O O O O natural homeomorphism

P = Topl = [P = |g = Tpql| = g = |p = Tl

gooooo
Theorem 0.1.6 (Quillen’s theorem A)

f:X —Y: functor 0000 y € YOOOUO f/y or y/f O contractible 10000 O
Bf: BX — BY O homotopy equivalence 0 0 O O

proof) O 0O S(f) 0 ob(S(f)) = {(z,y,u) € ob(X) x ob(Y) x Mor(Y) | u € Hom(y, f(z))} OO
(z,y,u), (z,w,v) €ob(S(f)) DO OO

Hom((x,y,u), (Z’ w)”)) = {(905 X) € MOI‘(X)XMOI‘(Y) | pE Hom(x, Z)?X € HOHl(’LU,y), f(%ﬁ)OUOX = ’U}

X

Y w

f(z) T f(2)
px :S(f) — X, py : S(f) — Y

O projection 0000000000 px O homotopy equivalence 01 0000000 T(f) : bisim-
plicial set O

T(f)pq = Np(YP) xp No(X) ={yp — -+ — - yo — f(20), 20 — -+ —> x4}

0000000 Odegeneracy,face map D ON,(Y°P) O N.(X)OOOOOOO OO Ofirst componet
O forget 0 0 O 0O 0O O OO bisimplicial set 0 map

T T(f)pg — No(X)

00000000000N,(X)0 Nyg(X) = Ny(X) 000 bisimplicial set 00000000
0000 realization 0 0000 OT(f) O realization O O O simplicial space ¢ — |[p — T(f)pq| O
realization 0 0 00000000 ¢O fix O Osimplicial set U(f) : p— T(f),, 00000000
gooooo

Uf)p={yp — - —yo— f(z0),z0 — -+ — x4}

000000000 degeneracy,faced N, (Y°P)DDOODO0OOD0ODO00DOO0OO0OO realization O
oo0o00ON,/(X)OOOOOOooOOOoDOOooOoooooooooo

[ wn@l

TENG(X)

1%

leepl

000ooooou(f),(z) D U(f),0 Ny(X)ODOO 20 fixOO simplicial set 000 Oz = 29 —
- — 2, 00000U(f)p(x) = Np(Y/f(x0))0OOOOO00D0DODOOOcomma category Y/ f(zo)



O terminal object 00000 OY/f(xg) O contractibled O 0 OO |U(f)(x)| U contractible O O
O0O00D00O7w DO reallization O simplicial space O O map

m: I BOY/f@o) = U — [ {5} =No(X)
TENG(X) TENG(X)

000000000 dimensionwise 0 homotopy equivalence 0 000 |U(f)| 0 CW complex O O
000 =« O good simplicial space 00 map 000000 || O homotopy equivalence 0 O 0 O O
00Ty, = NgS(f) 0D 00 Lemma 000 px O homtopy equivalence

000O0o0odpy 0000000000 Obisimplicial set 0 map T, ; — N,(Y°P) O realization
000000000Ocomma category Y/ f(xo) 00000000000 left fiber yo/f 00000

I Bawn— I (=N
Yp—rr ——yo €N, (Y 0P) Yp— - ——YoENp (Y °P)

O 00O simplicial space 0 map O realization 00O 0000000000000 00OO00OO yeY
0000B(yo/f) O contractible 0 00 00 OO realization O homotopy equivalence 0 O O O py
000 homotopy equivalence 10000000

g9:5(f) — S(1y)
O g(z,y,u) = (gz,y,w) D00 functor 00O 00 00O

Py pPx

YoP ~—— S(f)

X

yop <L S(]-Y) L Y

0000000000 yeob(Y)OUOOOy/ly =Y/yO00000Oleft fiber 0000 contractible
0000000000000 00DOo0O0dpyx,py 00000 homotopy equivalence 0 000 f

0 homotopy equivalence 00000000000
O

Corollary 0.1.7

f:X — Y : pre(co)fibered functor 0000 y € Y OO OO f~Y(y) O contractible 0 00 0
O0Bf:BX — BY 0O homotopy equivalence 0 0 00O

000 Quillen’s Theorem BOOOOOOOOOODOquasi fibration 000000000003
Theorem 0.1.8 (Quillen’s Theorem B)
f: X —YOfunctor 000000 w:y—¢ 000000000 functor
u/f oy f—y/f
0 homotopy equivalence D000 000 y€ob(Y),z € f~1(y) Cob(X)D OO0

- — T (BY,y) — ma(B(y/ ), (2,1,)) — mu(BX,2) 25 m(BY,y) — -



ugbooobooooboooogoboo

Thorem BO Bf O quasi fibration 0 000000000 0O0O0O0OO quasi fibration 00 00O
ocooooooo

Definition 0.1.9

000000 commutative diagram

v
_—

A C
uJ l‘]
B ? D
0 homotopy cartesian 0 0O O O O O natural map

A — holim(B — D «— ()

O homotopy equivalence 000000000 0OOholim(B — D «— C) 00 doble mapping
track 00 O0O00OOOOO

holim(B —1» D <2 C) = {(b,w,c) € B x Map(I, D) x C' | w(0) = f(b),w(1) = g(c)}
O000000000Onatural map 00 0a — (u(a), Cru(a)=gu(a),v(a)) 000000000
Remmark 0.1.10

p:E— B quasi fibration 00000000000 be BODOOADO pull back diagram

p () — E

*

5 B

0 homotopy cartesian 0 OO0 OO0 O0O0OOO0O0O

OO0 homtopy limit 000000000000 CO0O0O0DODOOO model category DO O OO0
ooo

Lemma 0.1.11

00 commutative diagram
X Y Z

X — Y — 7
00000000000 homotopy equivalence 0000 0O OO O O induced map
holim(X — Y +— Z) — holim(X’' — Y’ «— Z’)

0 homotopy equivalence 0 0 0O O



Corollary 0.1.12

homtoopy cartesian square

B——D

00000BO contractible 0 0 0 0 O 0 O natural map A — F; g = holim(x 4. pL ) O
000 de DOUOO O homotopy equivalence D OO OOOOO

Lemma 0.1.13

C 0 small category D 00 Top 0O O OODO categoryd X : C' — Top O functor 0 0 00O X,.C
O simplicial space 0 O

X,C = 11 X (io)

19—+ ——ip €N, (C)

O degeneracy O face 00000 N(C)ODOOOODOOOOOOO
g« : X, C — N.C

O indexO0O OO O0OOO simplicial spaced mapO0 00000000 C O morphism f:7 — 4
O00000X(f): X(¢) — X (i) O homotopy equivalence D0 00 g = |g.| : | X.C| = XC —
|N.C| = BC O quasi fibration 0 00 O

proof) 000 00O Dold-Thom criterion 0 0000 0O O OO simplicial space 0000000
000 fitration 0 OO0 OO0O0DO0O quasi fibration 0000 000nr=00000

go: XC9 = [ X(i) — BC =ob(C)
i€ob(C)

O fibration 0000 gp_; : XCY — BC=1 O quasi fibration 0 000000000000
000U =BCW —Botr-V~[[A"0000

gn gy (U) — U

O fibration D00 OOO0O0OOOA™ c A0 NDROO OO DO BC™ Y O BC™ 00O open set V.
oooooo
dn 59;1(‘/) —V

00000000 X(4) — X(i') O homotopy equivalence 0 0 000000000y, 0 p (V)
000 quasi fibration 0000 00000000000000000

xom™ x 1 A, xcm

gnxl\ {gn

BC™ x [ —;—~ BC™



O0000O0D0GO NDR reprezentation 0 HO OO lift 00 Oz = ((4o EN 1= > i), b1, L ty) €
BC™WopOoOoO

Hy : g, (2) — g5 (G(x,1))
O00X(f): X(ip) — X(i1) O homotopy equivalence 0 O 0 0 Hy O homotopy equivalence O O

O00000g, 0000000 quasi fibration 0000000000000 ¢g0O quasi fibration O

goo
O

Theorem 0.1.14 (Quillen’s Theorem B)

f: X —YOfunctor 000000 w:y—9¢ 000000000 functor

u/fy/f—uylf
0 homotopy equivalence D000 000 y€ob(Y),z € f~1(y) Cob(X)D OO0

s — i1 (BY,y) — m(B(y/f), (5, 1,)) — 7(BX,2) 25 7, (BY,y) — - -

gboooboobooobobo

proof) 00 Theorem ADDOOODOOOOOpx : S(f) — X U homotopy equivalence 0 O
py : S(f) — Y°P O homotopy equivalence 0000000000 0OBpy OO0OOOOODODO
(pr|g— Tpe|) — Np(Y°P) O OO simplicial space0 map 00 0000000000000O0
agoooo

11 Blyo/f) — N,(Y°P)

Yp— —— Yo EN, (Y °P)
0 index 000 map 00 OO functor Y — Top O y — B(ye/f) 000000000000
O0y — ¢ 0000B(y/f) — B(y/f) O homtoopy equivalence 0 O 0 0 Lemma ?? 000
O0py O quasi fibration 0000000000 Bpy O y € ob(Y°P) Cc BY°?O0O0OO fiber 00O
000 simplicial space level 00000000 B(y/f)0000000O00O0O pull back diagram

y/f — S(f)

*

op
m Y

0 homotopy cartesian 0000000000 diagram OO0 00000

y/f —— 5(/f)

X




0 commutative diagram 00000 O (1)+4(3) O diagram O homtopy cartesian 0000000
O0OLemma ?2?00000
y
y/Y —— S(ly) =—— S(f)

12
R
|

Yy by

* - Y°P S(f)

0 O O homotopy pull back O homotopy equivalent 0 00000000 (1) O diagram O homotpy
cartesian 0 0000000000 (1)4(2) O homotopy cartesian 00 0 0y/Y O contractible O
O0000Cor ?? y/f 0O py O homotpy fiber 00 homotopy 00000 OOO0OO

- — T (BY,y) — ma(B(y/ ), (2,1,)) — mu(BX,2) 25 m(BY,y) — -

googooooooo

Corollary 0.1.15

f: X — YO pre(co)fibered 00000000 Y O morphism f:y — ¢ 0000 f*:
f~1(y") — f~'(y) O homotopy equivalence 0000000 2 € f~(y) Cob(X)OOODO

s M1 (BY,y) — ma(B(f (), 2) — mu(BX, 2) 255 1, (BY, y) — - --

gbooobooobooog



